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Abstract. We associate to a bound quiver (Q, I) a CW-complex which we 
denote by B(Q,I), and call the classifying space of (Q,I). We show that 
the fundamental group of B(Q,I) is isomorphic to the fundamental group of 
(Q,I). Moreover, we show that this construction behaves well with respect to 
coverings. On the other hand, we study the (co)homology groups of B(Q,I), 
and compare them with the simplicial and the Hochschild (co)homology groups 
of the algebra A = kQ/I. More precisely, we give sufficient conditions for these 
groups to be isomorphic. This generalizes a theorem due to Gerstenhaber and 
Schack [20]. 



Introduction 

Let A be an associative, finite dimensional algebra over an algebraically closed 
field k. It is well-known (see [8], for instance) that if A is basic and connected, then 
there exists a connected bound quiver (Q, I) such that A ~ kQ/I, where kQ is the 
path algebra of Q and I is an admissible two sided ideal of kQ. The pair (Q, I) is 
then called a presentation of A. If Q contains no oriented cycles, then A is said 
to be a triangular A:— algebra. 

For each presentation {Q,I) of A, one can define its fundamental group, 
denoted by iti{Q,I) (see [21, 25], for instance). A triangular A:— algebra A is said 
to be simply connected if, for every presentation [Q, I) of A, the group iri(Q, /) 
is trivial. Simply connected algebras play an important role in the representation 
theory of algebras, since covering techniques often allow to reduce the study of 
indecomposable representations of an algebra A to the study of indecomposable 
representations of a suitably choosen simply connected algebra [8] . 

On the other hand, given an algebra A — kQ/I, its Hochschild cohomology 
groups HIT (A) also give important information about the simple connectedness, as 
well as about the rigidity properties of A, see [19, 13, 33]. If moreover A admits 
a semi-normed basis, one can define the simplicial homology and cohomology 
groups of A with coefficients in some abelian group G, denoted by SHj(A), and 
SIT (A, G), respectively see [9] (also [26, 24]). 

Results in [2, 9, 10, 15, 20, 23] exhibit several relations between the groups 
mentioned above. To a schurian triangular algebra A is associated a simplicial 
complex \ A\, see [9] (and also [7, 26]). It turns that in this case the groups tt\{Q, I) 
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and the simplicial (co)homology groups of A are respectively isomorphic to the 
fundamental group and the (co)homology groups of |A| see [10, 24, 9]. 

The main aim of this work is to build a topological space which would be a 
geometrical model for studying the fundamental groups and coverings of bound 
quivers, as well as the simplicial and Hochschild (co)homology of not necessarily 
schurian algebras. The paper is organized as follows. 

In section 1 , we fix notation and terminology, and recall the definition of the 
(natural) homotopy relation induced by an ideal I on the set of walks in a quiver 
Q. We also recall the definition of the fundamental group iri(Q,I). 

We begin section 2 with a motivating discussion about classifying spaces of 
small categories, in the sense of if— theory [32, 28]. A particular case of that 
construction is the simplicial complex \ A\ associated to an incidence algebra ^4(S). 
The main part of this section is devoted to the construction of a CW-complex 
B = B(Q,I), which we call the classifying space of the bound quiver (Q,I). 
Several examples are given. 

In section 3, we discuss some homotopy properties of B, and we prove the first 
main result of this paper. 

Theorem 3.3. Let {Q, I) be a bound quiver, and B = B(Q, I) be its classifying 
space. Then the groups tt\{B) and iri(Q, I) are isomorphic. 

This generalizes previous similar results obtained independently for incidence 
algebras, and for schurian triangular algebras in [30] and [10], respectively. More- 
over, this allows to obtain an adaptation of Van Kampen's theorem to the context 
of bound quivers (compare with [30]). 

In section 4, we deal with coverings of bound quivers, and of topological spaces. 
Theorem 4.3 says that a covering morphism of bound quivers p : (Q,i) — *-(Q,I) 
induces a covering of topological spaces Bp : B(Q,I) — ^B(Q,T). The main result 
in this section is the following: 

Theorem 4.5. Let p : (Q,I) — *-(Q,I) be a Galois covering given by a group 

G. Then {B, Bp) is a regular covering of B with covering automorphism group 
isomorphic to G. 

In section 5, we recall the definition of the simplicial (co)homology of an algebra 
A = kQ/I having a semi-normed basis. We show that the homotopy relation is 
strongly related to the vectors of such a basis. Finally, we compare the simplicial 
homology and cohomology groups of A to the (cellular) homology and cohomology 
groups of B(Q,I) with coefficients in some abelian group G, Hi(B) and W(B,G), 
respectively. More precisely, we show the following statement 

Corollary 5.5. Let A = kQ/I be an algebra having a semi-normed basis. 
Then, for each i > 0, there are isomorphisms of abelian groups 

SB i (A,G)^^B. i (B,G), 
SH,(A) ^^H 4 (£). 

An immediate consequence of this result is that one can think about the 
(co)homology theories of B(Q, I) as a generalization of the simplicial (co)homology 
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theories of an algebra A, which are defined only for algebras having semi-normed 
bases. 

Finally, in section 6 we focus on the Hochschild cohomology groups of A. 
More precisely, following [20, 24] we compare them with the simplicial cohomology 
groups of A. Strengthening theorem 3 in [24], we then prove the following result, 
which generalizes a theorem due to Gerstenhaber and Schack [20] (see also [12]). 

Theorem 6.3. Let A = kQ/I be a schurian triangular, semi- commutative 
algebra. Then, for each i > 0, there is an isomorphism of abelian groups 

H*(e) : SB 1 (A, k+)^^ BE. 1 (A) . 

It is worth to note that the isomorphisms of Corollary 5.5 and Theorem 6.3 
are induced by isomorphisms of complexes which preserve canonical cup-products, 
thus the isomorphism above yields an isomorphism of graded rings. We use them 
to obtain new algebraic-topology flavored proofs of some known results about the 
Hochschild cohomology groups of monomial algebras ([4, 22]). 

1. Preliminaries 

1.1. Notation and terminology. Let Q be a finite quiver. We denote by 
Qo and Qi the sets of vertices and arrows of Q, respectively. Given a commutative 
field k, the path algebra kQ is the k- vector space with basis all the paths of Q, 
including one stationary path e x for each vertex x of Q. Two paths sharing source 
and target are said to be parallel. The multiplication of two basis elements of kQ 
is their composition whenever it is possible, and otherwise. Let F be the two- 
sided ideal of kQ generated by the arrows of Q. A two-sided ideal / of kQ is called 
admissible if there exists an integer m > 2 such that F m C I C F 2 . The pair 
(Q, I) is a bound quiver. It is well-known that if A is a basic, connected, finite 
dimensional algebra over an algebraically closed field k, then there exists a unique 
finite connected quiver Q and a surjective morphism of k— algebras v : kQ — *-A, 
which is not unique in general, with I = Ker v admissible [8]. 

Let (Q, I) be a bound quiver, and A ~ kQ/I. It will sometimes be convenient to 
consider A as a locally bounded k— category, whose object class is Qo, and, for x, y 
in Qo, the morphism set A(x, y) equals the quotient of the free /c— module kQ(x, y) 
with basis the set of paths from x to y, modulo the subspace I(x, y) = In kQ(x, y), 
see [8]. A path w from x to y is said to be a non-zero path if w £ I(x,y). It is 
easily seen that A(x,y) = e x Ae y . 

1.2. The fundamental group. Given a bound quiver (Q, I), its fundamental 
group is defined as follows [25]. For x, y in Qo, a relation p — Y^iLi ^i w i G I( x >v) 
(where Aj G fc*, and Wi are different paths from x to y) is said to be minimal if 
m > 2, and, for every proper subset J of {1, . . . , n}, we have ^i w i £ H x i v)- 

We define the homotopy relation ~ on the set of walks on (Q,I), as the 
smallest equivalence relation satisfying 

(1) For each arrow a from x to y, one has aoT x ~ e x and oT x a ~ e y . 

(2) For each minimal relation Y1T=\ -^« w i, one nas w i ~ w j f° r an hj m 
{1, ...,m}. 

(3) If u, v, w and w' are walks, and u ~ v then wuw' ~ wvw' , whenever these 
compositions are defined. 
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We denote by w the homotopy class of a walk w. A closely related notion is 
that of natural homotopy. Two parallel paths p and q are said to be naturally 
homotopic if p — q or there exists a sequence p — po, pi, . . . , p s — q of parallel 
paths, and, for i G {1, . . . , s}, paths Ui, Vi, v[ and Wi such that pi = UiViWi, 
Pi+i = Uiv[wi with Vi and v[ appearing in the same minimal relation (compare 
with [3]). In that case we write p ~ q and p° will denote the natural homotopy 
class of a path p. It is easily seen that natural homotopy is the smallest equivalence 
relation on the set of paths on {Q,I) satisfying conditions 2) and 3) (replacing, of 
course, walks by paths in condition 3)). Thus p ~ q implies p ~ q but the converse 
is not true (see 2.2, example 1)). Since the ideal I is admissible, for every arrow 
a in Q one has 5° = {a}. Moreover, note that if A = kQ/I is schurian, then the 
relations ~ and ~ coincide. 

For a fixed vertex x <G Qo, we denote by tti(Q,x ) the fundamental group of 
the underlying graph of Q at the vertex xq. Let N(Q, /, xq) be the normal subgroup 
of tti(Q,xq) generated by all elements of the form w _1 ii _1 TO, where w is a walk 
from xo to x, and u, v are two homotopic paths from x to y. The fundamental 
group tti(Q,I) is defined to be 

w 1 (Q,I)=w 1 (Q,x )/N(Q,I,x ). 

Since the quiver Q is connected, this definition is independent of the choice of 
the base point xq. An important remark is that the group defined above depends 
essentially on the minimal relations, which are given by the ideal. It is well-known 
that, for a /c-algebra A, its presentation as a bound quiver algebra is not unique. 
Thus, the fundamental group is not an invariant of the algebra (see [1]). A tri- 
angular fc-algebra A is said to be simply connected if, for every presentation 
A ~ kQ/I of A as a bound quiver algebra, we have iri(Q, I) = 1. 

However, it has been shown in [5] that if an algebra A is constricted (that is, if, 
for every arrow a : x — in Q\, one has dinifc A(x,y) = 1), then the fundamental 
group is independent of the presentation. 

2. The classifying space B(Q, I) 

2.1. Background and motivation. To a schurian triangular algebra A = 
kQ/I, is associated a simplicial complex |A| in the following way [9] (see also 
[26, 7]): An n— simplex is a sequence Xo, x\, . . . , x n of n + 1 different vertices of Q 
such that for each j with 1 < j < n, there is a morphism fj in A(xj_i, Xj) with 
fnfn-i ■ • • fi 7^ 0. For instance, if A = A(S) is the incidence algebra of a poset 
(£, <), then |A| is the simplicial complex of non empty chains of S (see [6, 20]). 
Moreover, in this case, this construction is a particular case of that of the classifying 
space BC of a small category C (see [32, 28]). More generally, let C be a small 
category. The space BC is a CW-complex with 0— cells corresponding to the objects 
of C, and, for n > 1, one n— cell for each diagram 

Xq — ^ X\ >- • • • X n 

in C where none of the fi is an identity map. The corresponding n— cell is attached 
in the obvious way to any cell of smaller dimension obtained by deleting some Xi 
and, if < i < n, replacing fi and fi+i by the composition fi+ifi, whenever this 
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composition is not an identity map. This construction leads to a functor from the 
category of small categories to that of CW-complexes. 

For example, consider a poset (E, <) as a category whose objects are the ele- 
ments of E, and, for x, y G E there is a morphism p v x : y — ^x if and only if x < y in 
E, with the obvious composition. With the above notation, the simplicial complex 
|E| is equal to £>E. This leads us to the following. 

2.2. Definition and Examples. Recall that, given n > 0, the standard 
n-simplex is the set A™ = {(t ,*i, ••-,*«) e R n+1 \ £™ =0 U = 1, U > 0}. Its 
j th face is djA n = {{t ,h, ...,t n )e A n \ tj = 0}, and, moreover <9A" = UjdjA n . 
An open n— cell is an homeomorphic copy of A n \dA n . Given two topological spaces 
X, and Y, a closet set A C X, and a continuous map / : A — , the pushout of 
X^t—A—f^Y will be denoted by X]J f Y. 

We wish to build a CW-complex by successively attaching n— cells to a previ- 
ously built (n — 1)— dimensional complex. We begin by giving a description of the 
sets C n of n— cells. Set Co = Qo, Ci = {&°\ a : x ~^y is a path in Q, a I, a ^ 
ei}, and, for n > 2, C n — {(ctJ, . . . ,<J°)\ o\<j2 ■ ■ ■ a n is a path in Q, a\---a n £ 
I, <Ji ^ ei}. To avoid cumbersome notations, an element (tr°, c?£, . . . , ct°) of C n will 
be denoted by cr n , or even cr, if there is no risk of confusion. 

Given ar = a° G C\, with, say, cr : x -^~s»- y , define d^cr) = y and d\{(r) = x. 
More generally, for n > 2 and i G {0, . . . n} define maps df : C n — ^C n -i in the 
following way: given cr = {a°,a%, . . . ,5°) in C„, set: ^(cr) = (a%, . . . ,ct°), . . ., 
^"( cr ) = (^i, ••■ , •■• ,5°), and 9; l (cr) = (5° , . . . a n _i°). Again, 

we shall write di instead of 9". With these notations we build a CW-complex as 
follows: 

• 0-cells: Set B = U xeQo A° x , 

• 1— cells: We attach one 1— cell A^. for each cr G C\. More precisely, given 
(red define : dA^—^-B^ by / CT (a,A^) = AV. Consider the co- 

i 

product fi = U CTGCl U, define 

Wei / h 

and let pi be the canonical projection pi : (Uci A^) ]JB — ^Bi 

• n— cells: Assume B n -i has already been built. Given cr G C„, we have 
dj(cr) G C„_i for j G {0, ...,n}. The corresponding (n — 1)— cells are 
Ag~J:. Denote by qd %r7 ■ A%~J — ^U Crl _ 1 A™ -1 the inclusions, and define 
fj: dAl^B n -i by U{B-A^) = p"" 1 ?^^" 1 ), which is a continuous 
function on each d 3 ;A™ , thus continuous in c>A™. Consider the co-product 
/« = lI CT ec„ /o"! denne 

b„= ( U aHJJb^ 

\o-ec„ / /„ 

and let p n be the canonical projection p n '■ (IIc„ ^a) U^n-i — ^£>„. 

Note that since Q is a finite quiver and / is an admissible ideal, there are only 
finitely many k G N such that Ck ^ 0. 
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Definition. Let (Q,I) be a bound quiver. The CW-complex obtained by the 
preceding construction is the classifying space of (Q, I), and is denoted by B{Q, I) 

A slightly different approach consists in considering homotopy classes of paths, 
instead of natural homotopy classes to attach the cells. The complex obtained in 
this way will be denoted B$(Q, I), and called the total classifying space of (Q, I). 

Remarks. 

(1) If the algebra A = kQ/I is almost triangular, that is e^rad A)e y ^ 
implies e y (rad A)e x = for all vertices x, y G Qq (compare with the 
definition in [10]), then the spaces B(Q,I) and B$(Q,I) are regular CW- 
complexes. 

(2) Since for every arrow a of Q we have that 5° = {a}, the underlying graph 
of Q can be considered in a natural way as a subspace of the classifying 
space B(Q,I). This is not the case with the total classifying space (see 
example 1 below). 

Examples. 

(1) Consider the quiver 








bound by I =< (3a — ja >. The arrows j3 and 7 are homotopic, but not 
naturally homotopic. The spaces B(Q,T) and B^(Q,T) look as follows 



1 




7° 

8(0,/) Bll(Q,J) 



(2) Let A = kQ/I be a schurian algebra. As noted before, in this case ho- 
motopy and natural homotopy coinc ide, thus B(Q,I) = B*(Q,I). For 
x , U S Qo, there is a 1-cell joining them if and only if there is a non-zero 
path w from, say, x to y. Moreover, if there is another such path w' , 
then, since A is schurian, one has w ^ w' . Thus different paths give the 
same 1— cell, and one can identify it with the pair (x, y). In a similar way, 
given an n— cell corresponding to (ctJ, . . . ,(T° t ), with <7j € A(xi-i, Xi), one 
can identify it with the sequence of n+ 1 points xo, x\, . . . , x n in Q. This 
shows that for schurian algebras A = kQ/I, the cellular complex B(Q,I) 
is precisely the simplicial complex \A\ of 2.1, above (see also [24]). 
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(3) Consider the following quiver 
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2 3 4 

71 X » X 73 

bound by the ideal generated by aft and 5Z i=1 ft7i- The cells of £>(Q, J) 
are the following: 

~ o 1 — o — > — o — ■ — o — ■ — o 

The 1- cells are given by a°, fa , 7°, ft 71 = ft.72 = ft)73 , aft , 
aft and aft 72 = aft 73 

TJ^2 - cells aregiven by (5°,ft°), (5°,ft°), (5°, ft72°), (5°, ft73°), 
(aft°,7 2 °), (aft°,7°), and {fa , 7°), for i e {1,2,3}. 

-O ^ -O ^ 

The 3— cells are given by (a°, ft , 72) and (a°, ft , 73). 
Note that the boundaries of the 2— cells (ft , 7°) are the union of the 

^ ~ o o 

1— cells 7°, ft , and ft7i . Since ft 71 ~ ft7 2 ~o ft73, the three 2— cells 
have a whole 1— face in common. The same argument shows that the two 
cells of dimension 3 share a whole face of dimension 2. The geometric 
realisation of B(Q,I) looks as the space shown in the figure below. 




Note that since ft7 2 ^ ft7i, one has (a°,ft7 2 ) = (a°,ft7i ), even 
though the path aft7i belongs to /. However, aft7i ~ aft>7 2 and the 
latter is not zero. Moreover, in this case we have B(Q,I) = B${Q,I). 
(4) Let Q be a quiver, and I be the ideal of kQ generated by paths of length 2. 
In this case there are no minimal relations, so homotopy, and natural ho- 
motopy are trivial relations so B(Q, I) = B$(Q, I). Each arrow a : x — 
of Q gives rise to a 1— cell. Moreover, since the only non-zero paths are 
the arrows, these are the only cells. For the same reason, there are no 
higher dimensional cells, so the space B(Q,T) is homeomorphic to Q, the 
underlying graph of Q. 

Remarks. 
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(1) Let V(Q) denote the path category of Q. That is, the object class of 
V{Q) is Qo, and for x,y E Q , the morphism set V(Q)(x,y) is the set of 
paths from x to y in Q. The composition is the obvious one. Moreover, 
let V(Q, I) = V{Q)/ be the quotient category modulo the natural ho- 
motopy relation induced by /. The complex B(Q, I) is a subcomplex of 
the classifying space of P(Q, I). The n-cells of B(P(Q, I)) are in bijection 
with n— tuples (crj, . . . , ct°) of composable morphisms, regardless whether 
their composition is zero or not. However, if there are no monomial rela- 
tions in /, the complex B(Q, I) is exactly the classifying space B(P(Q, I)). 
The same applies for B^(Q,I) with respect to the classifying space of the 
category V(Q)/ ~. 

(2) Consider the quiver 



bound by all the commutativity relations and all the paths of length 3. 
The space B(Q, I) is homeomorphic to the 3— dimensional sphere S 2 . The 
commutativity relations tell how to "glue" the 2— dimensional cells. The 
existence of monomial relations implies that there are no 3— cells to "fill 
the hole". On the other hand, the space B(V(Q,I)) is homeomorphic to 
the ball B 3 . 

Let (Q,I') be the same quiver bound by the commutativity relations 
(and only these). In particular, the natural homotopy relations induced 
by / and /' are the same. However, the space B(Q, I 1 ) is homeomorphic 
to B 3 , hence does not have the same homotopy type as B(Q,I). This 
shows that monomial relations play an important role in the construction 
of B(Q, I), even though they are taken into account to define the neither 
the natural homotopy nor the homotopy relations. 
(3) The fact that B(Q, I) is not really the classifying space of a category 
implies that this construction is not functorial, as the following example 
shows: Consider the quiver Q 



and let / =< ctid2 + >, I' =< ctxO-i^xh >• The identity map 
on Q yields a bound quiver morphism / : (Q, I) — ^(Q, I') . However the 
induced map g : (Q,I') — *-(Q,I) is not a bound quiver morphism since 
ai«2 € but a\a2 I- In this case, the space B(Q,T) is homeomorphic 
toB 2 = {x e R 2 | ||ar|| < 1}. On the other hand, B(Q,I') is homeomorphic 
to S 1 . Thus, there is no non homotopically trivial map from B(Q,I) to 




■5 
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B(Q,r 
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3. Homotopy 

3.1. Proposition. Let (Q,I) be a bound quiver with I a monomial ideal such 
that = kQ/I is almost triangular. Then the underlying graph Q is a deformation 
retract of B(Q, I). 

Proof : Since / is monomial, the natural homotopy and the homotopy relations 
are trivial. Thus, the n— cells are given by n— tuples (<7i, . . . , a n ) of paths such 
that <7i<72 • • • On ^ I- If I = F 2 , there is nothing to prove (see example 4, above). 
If this is not the case, then there are non-zero paths of length greater or equal 
than 2. Let a± ■ ■ ■ a n be a maximal non-zero path. It gives a n— cell a which is 
maximal. For i G {0, . . . , n — 1}, let Xi be the source of Qj+i, and x n be the target 
of a n . Since A is almost triangular, Xi ^ Xj whenever i ^ j, thus we may consider 
the n— cell a as the standard n— simplex [x , . . .x n ]. Let y = \{x + x n ), thus 
[x , ■■■x n ] = [x , ■ ■ .,x n --i,y] U [y,xu ...,x n \. 



x x x 




X2 



t=0 t=\ t=l 

For t G [0, 1] define r(t) = (1 — t)y + txi, that is the path joining y to x\. 
Using r one can "crush" the simplex [xq, ■ ■ -x n ] onto its faces [xq, . . . ,x n -i] and 
[xi, . . . , x n ], which, by the maximality assumption, are the only faces in the complex 
that are not free (use the barycentric coordinates, and the division of the simplex 
given below). The space obtained is B(Q 1 I), in which we have crushed the cell 
a onto the (n — 1)— cells do (a) and d n (a). It is easily seen that this space is 
precisely B(Q, I\) where 1\ = 1+ < ol\ - ■ -a n >, which is again a monomial ideal. 
If Ji = F 2 , we have finished, otherwise we repeat the process above with another 
maximal dimensional cell of B(Q,h). This must end in a finite number of steps, 
since I is admissible. 

□ 

A first immediate consequence is that if I is a monomial ideal, then the fun- 
damental group tti(B) of the topological space B, is isomorphic to the fundamental 
group iri(Q,I) of the bound quiver (Q,I). In fact, this is a particular case of a 
much more general situation. 

Given a cell complex X, its fundamental group ni(X) can be described in the 
following convenient way (see [27], for instance). Fix a 0— cell, xq, and a maximal 
tree M, that is, a subcomplex of dimension smaller or equal than 1, which is acyclic 
and maximal with respect to this property. For every 2— cell e\ of X, let a e be 
a path class which starts at some fixed 0— cell x in its boundary, de\, and goes 
around de\ exactly once. Moreover, let (3 X be the unique path class in X which 
goes from xq to x along the tree M. Finally set j e = (i x a e f5~ x (compare with the 
definition of a parade data in [17]). 
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Let G be the free group on the set of 1— cells of X, and N be the normal 
subgroup of G generated by the following elements 

(1) The cells of M, 

(2) The elements j e , as constructed above. 

With the above notation, reformulating theorem 2.1, p 213 of [27], one has 
Tn(X)~G/N. 

Moreover, since we are interested in complexes of the form B = B{Q, 1), and in 
this case all the 2— cells are of the form (orj, cTj), the boundary of such a cell being 
(?2 , 0-1CT2 , o\ , we can improve the preceding presentation for n\ (B) . 

3.2. Lemma. Let (Q,I) be a bound quiver and T be a maximal tree in Q. 
Then it\{B) ~ F/K, where F is the free group with basis the set of arrows of Q, 
and K is the normal subgroup of F generated by the elements of the following two 
types: 

(1) a, for every arrow a in T 

(2) (a±a2 ■ ■ ■ ct r )(PiP2 ■ ■ ■ As) -1 whenever ol\ol2 ■ ■ ■ a r and P1P2 • ■ ■ A> are t wo 
paths appearing in the same minimal relation. 

Proof : Let T be a maximal tree in the quiver Q. In particular T is a set of 
arrows of Q. It follows from the construction of B(Q, I) that an arrow a : x — *-y in 
T gives rise to a 1— cell a° in B(Q, I). The set of 1— cells obtained from the arrows 
of T forms a maximal tree M in B(Q, I). We work with respect to these maximal 
trees. Moreover, let G and N be as before. 

Consider the map <j> : F — ^G/N defined by oft — >i5JV . It is straightforward 
to see that K C Ker tfi, so we obtain a group homomorphism $ : F/K — ^G/N 
defined by aK\ — ^aN 

We show that <I> is an isomorphism by constructing its inverse. If w° is a 1— cell 
in B{Q, I), then there are arrows a±, 02, ■ ■ ■ , a r in Q such that a.\ot2 ■ ■ ■ a r ^ w, 
and a\OL2---a r I. Define the map ^ : G — ^F/K by w\ — s-ai«2 ■ ■ ■ a r K . It 
is not hard to see that this is a well-defined map, and, moreover, that N C 
Ker ip. Thus, we obtain a group homomorphism \& : G/N — ^F/K defined by 
w°N\ — s-ai . . . a r K . Finally, it is straightforward to check that $ and * are mu- 
tually inverse. 

□ 

3.3. Theorem. Let {Q, I) be a bound quiver, with Q triangular and B = 
B(Q,I). Then the groups tt\{B) and ni(Q, I) are isomorphic. 

Proof : This is an easy consequence of the preceding lemma, and the description 
of 7Ti(Q, J) given in section 1.2. 

□ 

Remark. A similar argument applies to the fundamental group of B^(Q,I). 
Thus we obtain 7ri(B") ~7ri(<3,7). 

3.4. Corollary. Let A = kQ / 1 be a triangular algebra. Then A is simply con- 
nected if and only if for every presentation (Q, I), B(Q, I) or, equivalently /), 
is a simply connected topological space. 

□ 
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Given a bound quiver (Q,I), and a full convex subquiver Q % , let /' denote the 
ideal I fl kQ l of kQ l , that is, the restriction of I to Q l . With these notations we 
have the following result (see also [30]). 

3.5. Corollary. Let (Q,I) be a bound quiver, Q 1 and Q 2 be two full convex 
subquivers of Q such that every non-zero path of Q lies entirely in either Q 1 or Q 2 , 
and Q° = Q 1 fl Q 2 is connected. Then, tt\(Q,I) is the pushout of the diagram 

where the arrows are the maps induced by the inclusions. 

Proof : It follows from the hypotheses made on Q 1 and Q 2 , that B(Q 1 ,I 1 ) U 
B(Q 2 ,I 2 ) = B(Q,I), and that B{Q 1 ,I 1 ) n B(Q 2 ,I 2 ) is connected. The result then 
follows from theorem 3.3, and Van Kampen theorem for topological spaces (see 
[31], for instance). 

□ 

Example. Consider the quiver Q 



1 




6 



bound by I =< ci\ct2 — 0i02,a>i(32 — /?iQ!2 >, and let Q 1 and Q 2 be the full 
subquivers of Q generated be the vertices 2,3,4,5,6, and 1,2,3, respectively. An 
easy computation gives 7Ti(Q 1 ,/ 1 ) = Z * Z, tti(Q 2 ,I 2 ) = Z2, and 7ri(<5°,/ ) = Z, 
and this yields ni(Q,I) = Z * Z 2 . 

4. Coverings 

As we saw in the example before proposition 3.1, the construction of B(Q,I) 
does not lead to a functor from the category of bound quivers with bound quivers 
morphisms to the category of CW-complexes with cellular maps. However, as we 
now see, if we consider the category of bound quivers with covering morphisms, 
then B gives rise to a covering morphism of topological spaces. 

We refer the reader to [8, 18, 14], for references about coverings and their uses 
in representation theory of algebras. 

Given a bound quiver Q and a vertex x € Qo, let, as usual, x + (or x~) be the set 
of all arrows leaving (or entering, respectively) the vertex x. A bound quiver mor- 
phism p : (Q, I) — *-{Q, I) induces in an obvious way a k— linear map p : kQ — ^kQ. 

Recall from [14], for instance, that a bound quiver morphism p : (Q,I) — >-(Q,I) 
is called a covering morphism if 

(1) p^ 1 (x) ^ for every x e Qo 

(2) For every x € Qo, and x 6p _1 (i), the map p induces bijections x + — ^x + 
and x~ — ^x~ 
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(3) For every x, y £ Qo, every relation p £ I(x, y) and every x £ p 1 (x) there 
exists y £ p^ 1 {y) and p £ I(x,y) such that p(p) = p. 

Conditions 2) and 3) ensure that covering morphisms behave well with respect 
to homotopy relations. We have the following straightforward lemmata whose easy 
proofs will be omitted. 

4.1. Lemma. Let p : (Q,I) — **(Q,-0 be a covering morphism, x be a vertex 
ofQ, andwi, u>2 be two paths with source x. Moreover, let x £ p^ 1 (x), andwi, W2 
be two paths with source x such that p(vJi) — Wi, for i = 1,2. Then w\ ^ W2 if 
and only if w\ ^ Q W2- 

□ 

4.2. Lemma. Let p : (Q,I) — *-(Q,I) be a covering morphism. For xq £ Qo, 
and every xo £ p^ 1 (xq), there is a bijective correspondence between the set of 
n— cells of B = B(Q,I) having xo as boundary point, and the set of n— cells of 
B = B(Q, I) having xo as boundary point. 

□ 

In light of the preceding result, we can define Bp : B — ^B as the map which 

maps homeomorphically an n— cell (sj, . . . s°) onto the cell (p(si) , . . -p(s n ) )• 

Recall from [31], for instance, that if X is a topological space, then a covering 
space of X is a pair (X,p) where 

(1) X is an arcwise connected topological space 

(2) p : X — >-X is a continuous map 

(3) Each x £ X has an open neighborhood U x such that p~ 1 {U x ) = [J ie i U%, 
with Ui disjoint open sets, and p\^ : \J i — >-U x an homeomorphism, for 
every i £ I. 

This yields the following result. 

4.3. Theorem. Letp-.^Q^I) — *-(Q,I) be a covering morphism of bound quiv- 
ers, with Q, Q connected. Then (B,Bp) is a covering space of B{Q,I) 

Proof : Since Q is a connected quiver, B is an arcwise connected space. Moreover, 
it follows from its definition that Bp is a continuous map. Thus, there only remains 
to prove that the third condition of the definition is satisfied. But this follows from 
the fact that the open cells of B are disjoint open sets, and from the definition of 
Bp, whose restriction the each such cell is an homeomorphism. 

□ 

Among all the covers of a bound quiver (Q,L), there is one of particular interest. 
The universal cover of (Q, I) is a cover map p : [Q, I) — /) such that for any 
other cover p' : (Q,I) — >-(Q,I) there exists a covering map n : (Q,L) — S -(Q,J) 
satisfying p = p'w (see [25]). 

4.4. Corollary. If p: (Q,I) — ^(Q,I) is the universal cover of(Q,I), then 
(B,Bp) is the universal cover of B. 

□ 
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Recall from [14], for instance, that a cover of bound quivers p : [Q, I) — >-{Q, I) 
is said to be a Galois cover defined by the action of a group G of automorphisms 
of (4-0 if 

(4) pg = p for all g € G 

(5) p^ 1 (x) = Gp^ 1 (x) and p^ 1 (a) = Gp^ 1 (a), for all vertices x in Qo and 
arrows a G Q\. 

(6) G acts without fixed points on Q. 

Moreover, in this situation there exists a normal subgroup H of 7Ti(Q,7) such 
that 7ri(Q,/) ~ H and n 1 (Q,I)/H ~ G (see [14]). 

As before, an automorphism g of (Q , I) induces a map from the set of paths of 
(Q , I) to the set of paths of (Q, I). This allows to define a cellular map Bg : B — *-B 
as the continuous function that maps homeomorphically the cell (crj, ... ,5°) onto 
the cell (ga{° , . . . ,ga^°). The fact that Bg is well-defined follows from the fact 
that g is invertible. Moreover, it is straightforward to check that BgBp = Bp. An 
important remark is that the restriction of Bg to the 0— cells of B is precisely g. 
An immediate consequence of this is that if g\ and </2 are automorphisms of (Q, I) 
with gi 7^ 52, then Bg\ ^ Bg2- 

On the other hand, given a covering space (X,p) of a topological space X, we 
denote by p» the group homomorphism iri(p) : tti(X) — ^ni(X) . In particular, p» is 
always a monomorphism (see [31]). If Imp* is a normal subgroup of tti(X) then the 
covering {X,p) is said to be regular. The set of all homeomorphisms ^ : X — *-A 
such pcf) — p is a group, which is called the group of covering automorphisms of 
(X,p), and is denoted by Cov(A/A'). It is well-known that a covering (X,p) is 
regular if and only if Cov(X /X) acts transitively on p~ 1 (xo), the fiber over the 
base point (see [31], for instance). 

Note that the set {Bg\ g G G} is a subgroup of Cov(B/B), which is isomorphic 
to G. In fact, we have the following stronger result. 

4.5. Theorem. Let p : (Q,I) — ^(Q,I) be a Galois covering given by a group 
G. Then (B,Bp) is a regular covering of B and Cov(B/B) ~ G. 

Proof : First of all, fix a vertex xo £ Qo, which is also a 0— cell of B. These will 
be the base points with respect the fundamental groups that will be considered. 

In order to show that (£>, Bp) is a regular covering of B, it is enough to show 
that Cov ■(£>/£>) acts transitively on the fiber p^ 1 (x ). This follows immediately from 
condition 5 in the definition of a Galois covering, and the fact that G is isomorphic 
to a subgroup of Cov (£>/£>). 

On the other hand 

COV0/S) * ffl(g) s * ni{QJ) * G 
(Bp)*m(B) tti(Q,J) 

where the first isomorphism is given by Corollary 10.28, p. 294 in [31] 

□ 

Remark. Theorem 10.19, p. 290, in [31] states that a nontrivial covering au- 
tomorphism h € Cov{X /X) acts without fixed points on X. Thus, condition 6 in 
the definition of Galois coverings is redundant. 
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Example. Consider the quiver Q 

Ql OL2 
01 02 

bound by the ideal I =< a\a 2 — /3i/?2, cti/32 — /3i«2 >• The space B(Q,I) is 
homeomorphic to the real projective plane M.P 2 . On the other hand, the universal 
cover of (Q, I) is given by the quiver Q' 

X 3 >■ X 2 s- Xl 

2/3 J/2 > 2/1 

bound by the ideal /' generated by all the possible commutativity relations. The 
covering map p : Q' — is given by p(xi) — p(yi) = i, for i G {1, 2, 3}. The space 

B(Q,I) is homeomorphic to the sphere S 2 , and the map Bp identifies antipodal 
points. It is well-known that the pair (S 2 ,Bp) is a covering space of RP 2 . 

Remark. Again, with the obvious changes in lemmata 4.1, 4.2 and theorem 4.3 
we obtain a similar result for the total classifying space B$(Q,I), and its covering 
spaces. 

5. (Co)Homologies 

5.1. (Co)Homology of B(Q,I). Let (C,(B),5) be the complex defined by 
letting Ci(B) be the free abelian group with basis the set of i— cells, Cj, and 
by defining S n : C n (B) — s~C n _i(£>) on the basis elements by the rule S n (cr) = 

Er=o(-i)^(<7). 

With these notations, the homology groups Hi(B) of B are the homology groups 
of (C,(B),S). Moreover, if G is an abelian group, then the cohomology groups 
fP(£>, G) of B with coefficients in G, are the cohomology groups of Homz(C,(£>), G). 
In an analogous way, we define the corresponding complex (C,(B^) 7 5), and obtain 
the (co)homology groups of BK 

5.2. Simplicial (co)homology of algebras. On the other hand, recall that 
the simplicial homology of a schurian algebra was defined in [9] (see also [24, 26] 
for generalization to the non-schurian case) in the following way. For every pair of 
vertices i, j of Q, let Bij be a k— basis of eiAej. The set B = UijBij is said to be 
a semi-normed basis if: 

(1) ei € Ba, for every vertex i. 

(2) a £ B^, for every arrow a : i — *-j 

(3) For a, a' in B, either aa' = or there exist \ aa i G k, and b(a, a') € B 
such that aa' = \ <7<7 ib(a,a') 

Define the chain complex (SC. (A), d) in the following way: SCo(A), and SCi(A) 
are the free abelian groups with basis Qo, and B, respectively. For n > 2, let SC n (A) 
be the free abelian group with basis the set of n— tuples (a\, . . . , a n ) of B n such 
that (7ic72 • • • a n 7^ 0, and at ^ ej, for all i, for all j G Qo- The differential is induced 
by the rules d\(a) = y — x when a G B xy , and, for n > 1, 
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dn(cri<T2 ■ ■ -On) = {o~2, • • • , C„) 

n-1 

+ - - - , 6(crj, cr i+ i), . . . , CT„) 
+ (-1)> <7 B -l) 

where b(aj, (Jj+i) is as in condition 3, above. The n th homology group SH„(^4) of 
(SC. (A, d)) is called the n th simplicial homology group of A with respect to 
the basis B. For an abelian group M, the n th cohomology group SH n (A, M), of 
the cochain complex Homz(SC,(A), M), n th simplicial cohomology group of 
A, with coefficients in M , with respect to the basis B. Moreover, by d n , we denote 
the induced differential Homz(d n , M ). 

Remarks. 

(1) Not every algebra of the form A — kQ/I admits a semi-normed basis. 
However, it is shown in [24] that if the universal cover of (Q, /) is schurian, 
then A admits a semi-normed basis. In particular all schurian algebras 
admit semi-normed basis. 

(2) On the other hand, A has a semi-normed basis B, the groups SCj depend 
essentially on the way B is related to /. Hence, as for fundamental groups, 
different presentations of the algebra may lead to different simplicial ho- 
mology groups, as the following well-known example shows: Consider the 
quiver Q 








Let Ji be the ideal generated by (3a, and A Vl = kQ/I\. Associated to 
this presentation, there is a semi-normed basis {ei, €2, e3,a, /3,7,7a}, and 
with respect to this basis, SC2(A t/1 ) has as basis {(7,0:)}, and this leads 
toSHi(^ 1 ) = Z. 

On the other hand, let I2 be the ideal generated by (/?— j)a, and A V2 = 
kQ/12- It is easy to see that A Vl ~ A V2 . With this presentation, one has 
the same semi-normed basis, however SC2(Aj, 2 ) has a basis {(7, a), (/3, a)}, 
and this leads to SHi(A„ 2 ) = 0. 
(3) As noted in [24], in case A is schurian one can identify a basis element 
(<Ti, . . . , cr„) of SC n (A) with the (n + 1)— tuple (xo, Xi, . . . , x n ) of vertices 
of Q, where Oi € e Xi _ 1 Ae Xi , for 1 < i < n (compare with example 2 in 
section 2.2). Thus, for schurian algebras the simplicial homology groups 
are independent of the semi-normed basis with respect to which they are 
computed. Moreover, it is straightforward that in this case one has, for 
every i > 0, H;(S) ~ SHj(A), and W(B, G) ~ SB 1 (A, G) for every abelian 
group G. 

The last remark is in fact a particular case of a more general result. Before 
stating and proving it we need the following technical lemma. 

5.3. Lemma. Let A = kQ/I be an algebra having a semi-normed basis B, 
then: 
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o) For every non-zero path w there exist a unique basis element b(w) and a 
scalar X such that w = \b(w). 

b) For every basis element v € B, there exist a non-zero path p(v) and a 
scalar \x such that v = fJ,p(v). Moreover, if p(v) andp'{v) are two such 
paths, then they are naturally homotopic. 

c) If Wi,W2 are two non-zero paths with wi ~ W2, then there is a scalar 
X e k such that w 2 = Xw\ 

Proof : 

a) This follows from an easy induction on the length l(w) of the path w. 

b) Let a G B xy , and w\, W2, ■ ■ ■ , w r be paths from x to y such that {uJi\ 1 < 
i < r} is a basis of e x Ae y . It follows from a) that there exists Xi E fc\{0} 
and b(wi) G B xy such that vol — Xib(wi). Hence, B xy = {b(wi), . . . , b(w r )} 
so a — b(wi ) — Xi a Wi Q for some io such that 1 < ia < r. Then set 
p(er) = w io . Moreover, if p(cr) and p'{cr) are two different such paths and 
yti, [j! scalars such that a = np{cr) = n'p'{<j) we get hp(<t) — n'p'(cr) = 
a — a = which is a minimal relation, and this shows that p(a) and 

are naturally homotopic. 

c) Let wi,W2 be two parallel homotopic paths, and suppose that wi and 
W2 are linearly independent. Without loss of generality, we can assume 
that Wi and w 2 appear in the same minimal relation. One then has 
Y^i=i XiWi — 0, where e fc*, and the paths Wi are parallel. Assume, 
without loss of generality, that {Wi, «J 2 , . . . , w r } is a maximal linearly 
independent set of {Wi, . . . ,w n }, and that, after re-ordering if necessary 
(recall that A has a semi normed basis), there are scalars cij such that 
w r+ i = a r+ iwi, . . . , w r+il = a r+il Wi, w r+il+ i = a r+il+ iw 2 , . . . w n = 
a n w r . Thus, replacing in Y^i=\ ^i^i = implies that 

Ai + A r +ia r +i + • • • + X r j r i l a r j r i l = 

and then Ai«Ji + A r +iw r +i + • • ■ + X r+ i 1 w r+ i 1 = 0, which is a contradiction 
to the minimality of the original relation. 

□ 

5.4. Theorem. Let A = kQ/I be an algebra having a semi-normed basis, 
then: 

a) There exists an epimorphism of complexes 0; : SC,(A) — ^C,(£>") , 

b) There exists an isomorphism of complexes 4>, : SC,(A) — ^C,(B) . 

Proof : It is clear that C (B) ~ C (^ J ) ^ SC (A). For n > 1, consider the 
morphisms <j>^ and <fi n defined by 

cH : SC„(A) C n (B») <t> n ■ SC„(A) C n (B) 

(<Tl,...,C7 n )h^- (^),...,p((T„)) (<Ti, . . . ,CT„) I »- (p^)\... jP (a n ) ) 

It follows from the second statement in lemma 5.3 that 6\ and (f) n are epimorphisms 
of abelian groups. Moreover, it is clear that they commute with the boundary 
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operators involved. This proves the first statement. In order to prove the second, 
consider the map 

iP n : C n (B) SC n (A) 

(oFf,...,oF°)l %»))■ 

The fact that the definition of ip n is not ambiguous follows from the third 
statement in lemma 5.3. It is clear that tp„ commutes with the boundary operators, 
so it defines a morphism of complexes. Finally, it is straightforward to check that 
4>, and ipm are mutually inverse. 

□ 

5.5. Corollary. With the above hypotheses, for each i>0, there are isomor- 
phisms of abelian groups 

a) 11,(3) ~ SHi(A), and 

b) W(B,G) ~ SW(A,G), for every abelian group G. 

□ 

Remark. In case G is a commutative ring R, then the complexes involved are 
endowed with a canonical cup product. This provides to H'(A, R) — (Bi>oH l (A, R), 
and H*(B,i?) = ®,>off(6, R), a graded commutative ring structure. A direct 
computation shows that the morphisms induced in cohomology <p,, (pi, and ip, 
preserve these products. Thus, the morphisms in the corollary above are ring 
homomorphisms. 

Examples. 

(1) Consider the quiver Q 




bound by I —< (a\ — a 2 )/33, /?i(7i — 72) >• Even if in this case the 
complexes SC. (A) and C(B^) are not isomorphic, they still have the 
same homology groups. Let K. = Ker (pi. We have that K„ has a basis 
{(<7i, . . . , <7„) — (a[, . . . , a' n )\ (jj ~ a[ for all i such that 1 < i < n}. More 
precisely, rk Ko = 0, rk Ki = 7, rk K2 = 10, and rk K3 = 3. We leave to 
the reader the definition of a contracting homotopy s. : K. — s-K.[l] . 
(2) Consider the quiver Q 

X\ ' X 2 ' ^ Xi 

Pi f>2 

bound by the ideal I —< aif3 2 + 0102 — /3i«2, ai«2 + P1012 — P1P2 >• The 

Q , -O -O o 

sets of cells of B are the following: Co = {x\, X2, X3}, C\ = {a\ ,ct2 ,0i , P2 ,ai«2 }, 

Q Q — -o Q -O -O 

andC2 = {(«i ,a 2 ),(/?i ,0^2 ), («i ,/?2 ,02 )}■ On the other hand, 

the sets of cells of 2?" are Cq — {x\, x 2 , X3}, C\ = {SJ, 02, 0102} , and 
C\ = {(01,02)}. An straightforward computation yields to 
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MB) = {1 andH i( S») = (^ = °! 

( otherwise. [0 otherwise. 

Thus, B and B" do not have the same homotopy type. However, note that 
A = kQ/I, does not have a semi-normed basis. 



Recall that, given an arcwise topological space X, the Hurewicz-Poincare the- 
orem (see [31], for instance) states that its first homology group, Ki(X) is the 
abelianisation of its fundamental group ni(X). This allows to prove the following. 



5.6. Corollary. Let A = kQ/I be a constricted algebra having a semi-normed 
basis. Then its first simplicial (co)homology groups are independent of the presen- 
tation of A. 

Proof : For such an algebra one has 

7Tl(B) _ 7Ti(Q,I) 



SHi(A) ~ Hi(B) ~ 



[7ri(iB),7ri(B)] {k\(Q,I),-k\(Q,I)Y 
On the other hand, the universal coefficients theorem gives 



SH 1 (A, G) ~ Hom z (SHi (A) , G) © 1 Ixt 1 (SH {A) , G) 
~ Hom z (SHi(A),G). 

□ 

We now turn to the Hochschild cohomology of algebras. 



6. Hochschild cohomology 

Recall that for an arbitrary fc-algebra A, its enveloping algebra is the tensor 
product A e = A <S>k A op . Thus, an A — A— bimodule can be seen equivalently as an 
A e -module. The Hochschild cohomology groups HH J (A, M) of an algebra A with 
coefficients in some A — A— bimodule M, are, by definition the groups Ext l Ac (A, M). 
In case M is the A — A— bimodule aAa, we simply denote them by HEP (A). We 
refer the reader to [11, 22, 29], for instance, for general results about Hochschild 
(co)-homology of algebras. 



6.1. A convenient resolution. In [12], Cibils gave a convenient projective 
resolution of A over A e . Let E be the subalgebra of A generated by the vertices 
of Q. Note that E is semi-simple, and that A = radA © E as E — bimodule. 
Let radA®" denote the n th tensor power of r&dA with itself over E. With these 
notations, one has a projective resolution of A as A — A— module: 

>■ A (E)e rad^®" <S> E A — ^ A (g> E rad^l®" ® B A — ^ • • • 

^ A® E radA ® E A ^ A ® E A ^ A 9- 
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where do is the multiplication and 

b n (a ® <7i ® • • • <g> a n <g> b) — aa\ ® • • • <£> a n ® 6 

ra-l 

+ l^ot (g> <7i (g> • • • <S> CTjCTj+i (8> • • • ® c„6 

+ (-l)"a ® cti <g> • • • <E> a n b. 

Moreover, there is an obvious natural isomorphism HomA'(A <&e rad^® 11 (&e 
A, A) ~ HoniE^radA®", A). This will be useful later. We denote by b n the corre- 
sponding boundary operator, and, moreover, we let 6™ = Hom £ e (b n , A). 

Remark. Note that the tensor products are taken over E. Thus, if a\, o-i G 
radA, with, say <j\ G eiAej, and 02 £ eiAe m then, in radA® 2 , one has 

(Ji ® (72 = oiej ® e;cr2 = 01 <S> eje/cr 2 

and this vanishes if j ^ L The same argument shows that radA®" is generated by 
elements of the form o\ ® ■ ■ ■ ® a n where <7j G e^\Aei for 1 < i < n. Moreover, if 
A admits a semi-normed basis B, then using k— linearity, one can assume that each 
ai is an element of B. 

Following [24], for n > 1, define e n : Hom z (SC„(^), fc+)^Hom E e(radA®", A) 
in the following way: for / G Homz(SC„(A), k + ), and a basis element (ci, . . . <r n ), 
put e„(/)(cri <g> • • • <S>cr„) = f(ai, . . . , a n )ai ■ ■ ■ a n whenever (ai,...,a n ) G SC n (A), 
and otherwise. 

Also, for n > 1, define /i„ : Hornge (rad.4®™, A) — ^Hom z (SC„(A), fc+) as fol- 
lows: for a basis element (<Ti, . . . , a n ) in SC„(A), we have cri(72---(7 n ^ 0, and 
lies in, say, eoAe n , which can be written as the direct sum of vector-spaces 
< o\Gi---(y n > ®A' 0n . Moreover, a\ ® • • • <g> a n G radA®", thus, for g G 
Homi?e(ra(M 8 ", A) we have: 

g(ai <S> • • • <S> u„) = g(e cri <g> • • • <£> er„e„) = eog{o\ <g> ■ • ■ <S> cr„)e„ 

so that g(tTi ® • • • <g) cr„) G eoAe n , and there is a scalar A and ao G ^4q„ such that 
g(o\ ® • • • ® cr„) = Aeries • • • ct„ + a . Define [i n {g)(a x , . . . , a n ) = A. 

6.2. Lemma [24]. PFii/i the above notations, one has: 

b) e. is a morphism of complexes, 

c) 7/ A is schurian, then ^, is a morphism of complexes. 

□ 

Remark. In [20], it was shown that for incidence algebras, the morphisms 
EP(e) are isomorphisms. Moreover, as a consequence of a result of [15] (see also 
[10]), H 1 (e) is also an isomorphism for schurian triangular algebras. Thus, in light 
of [24] (or Lemma 6.2 above), one may naturally ask if in case A is schurian, the 
monomorphisms EP(e) are isomorphisms. As the following example shows, this is 
not always the case. 
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Example. Consider the quiver 



1 7 

bound by the ideal I =< a/3 >. The algebra A = kQ/I is schurian, and one can 
easily compute 

SW(A k + ) = < ^ ^ * = 1j 
[0 otherwise 

On the other hand, using for instance, Happel's long exact sequence [22], one gets 



HIT (A) 



k if i = 0,1, 2, 
otherwise. 



Recall that an algebra A = kQ/I is said to be semi-commutative [22] when- 
ever for w,w' paths sharing origin and terminus in Q, then w € I if and only 
if w' £ /. For instance, incidence algebras are semi-commutative. Schurian tri- 
angular, semi-commutative algebras are also called weakly transitive [16]. The 
algebra in the preceding example is schurian, but not semi-commutative. This leads 
to the main result of this section, which is a generalization of a result of Gersten- 
haber and Schack [20], and makes more precise a result of Martins and de la Pena 
(theorem 3 in [24]). 

6.3. Theorem. Let A = kQ/I be a schurian triangular, semi- commutative 
algebra. Then, for each i > 0, there is an isomorphism of abelian groups 

W{e) : SR l {A,k+)^^RR l (A) . 



Proof : In light of lemma 6.2, there only remains to show that if A is semi- 
commutative then e n ^ n — id for n > 1. Let / € HornEe (radA®™, A), and u\ ® 

■ • • (g> o n be a basis element in radA®", with, say o\Oi ■ ■ ■ <r n e eoAe n - Assume 
(Ti(T2 • • ■ <J n ^ 0. Since A is schurian, there exists some scalar A such that f{<J\ ® 

■ ■ ■ <S> cr„) = Acti a n , thus (jU„/)(<7i, . . . , a n ) = A, and 

(e«A*n/)(CTl <g> • • • <Z> O n ) = ((/i„/)((Ti, . . . ,O n ))oi ■ ■ ■ O n 

= \o\. . .O n 
= f(oi ® • • • <S> O n ) 

On the other hand, if o\ ■ ■ ■ o n = 0, then, 

(e n Mn/)(o-i ® • • • ® o n ) = {(fJ. n f){oi, . . .,o n ))oi ■ ■ -o n = 
Moreover, since A is semi-commutative we have eoAe n = 0, and therefore f{o\ ® 

■■■®O n ) =0. 

□ 



Remark. Again, it is straightforward to check that e. are [i, preserve cup- 
products, thus the isomorphism above induce a ring isomorphism. 
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6.4. Corollary [20]. Let (£, <) be a finite poset and A = A(T,) be its in- 
cidence algebra, then, for each i > 0, there is an isomorphism of abelian groups 



Remark. There exist algebras which are not semi-commutative, but there are 
still an isomorphisms H'(e) : SH 1 (A,k+) — — >■ HrP(A) for all i > 0. Consider the 
following quiver Q 



and let A = kQ/I where I —< a.\a.<i, a^a^ >. This algebra is schurian, but not 
semi-commutative. One can easily compute 



Keeping in mind the last theorem, and proposition 3.1, we can get new short 
algebraic-topology flavored proofs of some well-known results in [22, 5] about the 
Hochschild cohomology groups of monomial algebras. Let x(Q) be the Euler char- 
acteristic of Q, that is, let x(Q) = 1 — \Qo\ + IQil- 

6.5. Corollary [22]. Let A = kQ/I be a monomial semi- commutative schurian 
algebra, then 



a) HH (A) = k. 

b) dim fe HHV) = X (Q). 

c) HtT(A) = for i > 2. 

Proof : With the above hypotheses, the graph Q is a strong deformation retract 
of B(Q, I), and theorem 6.3 holds. The results follow directly. 



6.6. Corollary [4]. Let A = kQ/I be a monomial algebra, then the following 
are equivalent: 

a) Hff (A) = for i > 0. 
6) HH 1 ^) =0. 
c) Q is a tree. 

Proof : It is trivial that a) implies b). In order to show that b) implies c) assume 
that Q is not a tree. Again, since I is monomial, Q is a strong deformation retract 
of B(Q,I), and, since it is not a tree, we have dimfcSH 1 (A, k + ) = x(Q) > 0- The 
result then follows from lemma 6.2. Finally, we show that c) implies a). If Q is a 
tree, then A is schurian semi-commutative, thus theorem 6.3 applies. But Q, which 
is a strong deformation retract of B(Q,I), is an acyclic 1— dimensional complex. 
The result follows directly. 



□ 



6 





□ 



□ 
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